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ABSTRACT

The current study utilizes an unsupervised physics-informed neural network (PINN) that leverages heuristic optimization techniques to solve
steady-state incompressible Navier–Stokes and energy equations in wavy channels for varying Reynolds numbers. Further, in asymmetric
cases, in-phase and out-phase shifts between upper and lower channel walls are considered to mimic actual physiological structures occurring
in many natural and industrial process. Moreover, the energy transfer equation is involved in the flow governing equation to accomplish the
mixed convection flow for the fluid volume movement. Streamwise and cross-streamwise velocity components, pressure drop, and wall shear
stresses are computed, and heat transfer characteristics are also analyzed. PINN predictions are compared with the conventional computa-
tional fluid dynamics results, ensuring excellent accuracy. The higher accuracy is obtained due to a new architecture of the deep learning
model that ensures a conservative relationship between the stress and flow variables. Additionally, a novel scheduler algorithm is imple-
mented to achieve convergence faster by updating the learning rate dynamically. Overall, the study demonstrates the capability of PINN (a
more computationally feasible framework) for solving fluid dynamics and heat transfer problems and elucidating separation and reattach-
ment flow dynamics in complex corrugated geometries. In uniform and non-uniform temperature distribution, the Nusselt number increases
significantly with Reynolds number showing a heat transfer enhancement in corrugated geometries.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0264160

I. INTRODUCTION

Flow dynamics of wavy channels are extensively utilized in vari-
ous engineering applications, primarily for mixing of various compo-
nents and their enhanced capabilities compared to flat channels and
significant role in numerous phenomena, including the generation of
wind waves on water, the formation of sedimentary ripples in river
channels, the development of dunes in deserts, the stability of liquid
films in contact with gas streams, the rippling of melting surfaces, and
the transpiration cooling of reentry vehicles and rocket boosters.1

Additionally, it affects cross-hatching on ablative surfaces and film
vaporization in combustion chambers. Physiologists and engineers are
also keen on studying this to understand blood and urinary flow,2 aim-
ing to apply the findings to optimize artificial organs.3,4 This richness

in physical phenomena in a relatively simple geometry motivates sci-
entific community over last few years to investigate the flow dynamics
in complex geometries. In this regard, Burns and Parkes5 addressed
viscous flow in channels and pipes with sinusoidal variations, includ-
ing peristaltic motion, assuming a sufficiently low Reynolds number
(Re) for the Stokes approximation to hold, where inertial forces are
negligible compared to viscous ones. They solved the problem by rep-
resenting the stream function as a Fourier cosine series and deter-
mined the coefficients by assuming small amplitude values. Sobey6

conducted numerical studies on steady and unsteady flow through fur-
rowed channels, focusing on the effects of the Re, including cases of
separated flow. The concept of multistructured boundary layers devel-
oped by Stewartson and Williams7 provides a relationship between
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geometric parameters and the Re for the flow separation. Stephanoff
et al.8 later compared Sobey’s numerical results with the experimental
data from visualization techniques. Hall9 simulated the unsteady oscil-
latory viscous flow in pipes and channels of a slowly varying cross sec-
tion. In addition to the numerical studies, many experimental
investigations are also performed to determine the flow patterns in an
axisymmetric stenosis, elucidating the Re effect on the flow separation
(Young and Tsai10). Nishimura et al.11 explored the flow behavior in a
channel with symmetric wavy walls, analyzing the pressure drop and
wall shear stresses (WSS) variation with Re from laminar to turbulent
flow regimes.

The scientific community is perplexed to develop techniques to
enhance heat transfer in compact heat exchangers operating under
laminar flow conditions.12 These methods aim to effectively disrupt
the boundary layer that develops on the heat exchange surface and
replace it with fluid from the core.13 This process forms a new bound-
ary layer with steeper temperature and concentration gradients near
the wall, improving transfer rates. Common approaches include using
offset fins, louvers, vortex generators, interconnected channels, acous-
tic flow excitation,14 and oscillatory inflow.15 The primary objective of
this study focused on maximizing heat and mass transfer on the flow
domain. However, factors, such as design simplicity, manufacturing
ease, dust accumulation, maintenance, and scalability, are also critical
considerations in selecting the most effective method. One of the sim-
plest methods is to use a wavy patterned channel to enhance heat
transfer in the wavy channel. This is easy to fabricate and can provide
significant operational efficiency. O’Brien and Sparrow16 did one of
the early pioneering work on studying the heat transfer characteristics
in the fully developed region of a periodic channel at various Reynolds
numbers. Ali and Ramadhyani17 conducted extensive experimental
study on flow visualization and convective heat transfer in the corru-
gated passages. Attempts were made by Zhang et al.18 to conduct
numerical study to analyze the chaotic flow patterns and heat transfer
characteristics caused by a curved wavy channel.

Simulating complex flow features, such as flow separation in
wavy channels using conventional numerical methods, becomes chal-
lenging because of the time-consuming grid generation and indepen-
dence process. To cope with these difficulties, many researchers tried
to apply deep learning (DL) techniques to possess various advantages
for simulation to capture nonlinear effects effectively. These enhanced
methodologies are capable of providing accurate solutions to a physical
problem. Unlike computational fluid dynamics (CFD) solutions, this
does not require grid refinement (for convergence and stability) and
grid independent study for the dependent variables to be evaluated in
the flow field.19 The limitations of conventional CFD techniques, such
as grid generation and achieving grid independence, can be time-
consuming and challenging particularly for complex geometries, which
are overcome by the DL techniques for capturing the spatiotemporal
relationships in physical systems.20 The advent of various architec-
tures, such as convolutional neural networks (CNNs)21 and long
short-term memory networks (LSTM),22 has paved the way for the
creation of models based on deep learning (DL)23 capable of simulat-
ing intricate physical systems while capturing spatiotemporal relation-
ships in predictions. DL offers highly effective modeling techniques for
data-intensive fields such as computer vision, natural language proc-
essing, and speech recognition. However, creating interpretable and
generalizable models remains a challenge, especially in the areas where

data are scarce, such as in complex physical flow systems.24 Purely
data-driven DL methods require large amounts of data for training,
which may not always be available for many scientific applications.
Moreover, these models often fail to incorporate physical constraints,
potentially resulting in excellent fits to observational data while
neglecting the fundamental physical laws. To address this issue, com-
bining the laws of the governing physical environment and the exper-
tise of the domain into the training process can lead to more accurate
and reliable models. This domain knowledge can be informative, guid-
ing the model toward a more profound physical or mathematical
understanding of the system alongside observational data, which
remains the basis of physics-informed neural networks (PINNs).25

Physics-informed neural networks (PINNs), first proposed by
Raissi et al.,26 are deep learning frameworks that implement both data
and physical laws, expressed through governing partial differential
equations (PDEs), into the learning process. This simple yet powerful
construction allows us to tackle a wide range of problems in computa-
tional science. PINNs have proven to be highly effective in solving
both forward and inverse problems across a wide range of PDE-related
applications.27 It uses a fully connected deep neural network (DNN)
[also known as multilayer perceptrons (MLPs)] based on optimization
problems or residual loss functions to solve a PDE. Moreover, a num-
ber of new variants of PINNs have also been proposed by the research
community in the recent times, including various domain-
decomposition based PINNs, such as cPINN (conservative PINN),28

xPINN (extended PINN),29 hp-variational PINN (hp-VPINN),30 and
deep-domain decomposition method.31 These recent advances of the
scientific machine learning community have taken immense interest
in solving various fluid flow applications, such as super-resolution and
diagnosis of 4D-flow magnetic resonance imaging (MRI)32 and predic-
tion of near-wall blood flow from sparse data.33 Laubscher and
Rousseau34 used PINNs to predict laminar incompressible flow and
heat transfer over two heated cylinders subjected to constant wall tem-
perature heating. Similar to Rao et al.,35 they have used diffusion heat
flux as an output variable in addition to temperature. They found that
the error between CFD and PINN results was immensely accurate for
velocity, pressure, and temperature fields, respectively. PINNs have
shown its reliability and accuracy not only in the laminar flow regime
but also useful in predicting the turbulent flow behavior. Eivazi et al.36

studied four different two-dimensional incompressible turbulent flow
cases using Reynolds-averaged Navier–Stokes (RANS) equations and
observed the effects of zero-pressure gradient boundary layer, adverse
pressure gradient boundary layer, and turbulent flows over a NACA-
4412 airfoil and a periodic hill. Xiao et al.37 performed RANSmodeling
for Rayleigh–Taylor turbulent mixing using PINNs. Moreover Parish
and Duraisamy38 and Li et al.39 went on to perform large eddy simula-
tion (LES) of an isotropic homogeneous periodic turbulence in a box
resolving the energy spectrum. A detailed discussion on the prevailing
trends in the embedding of physics in machine learning algorithms
and the diverse applications of PINNs can be found in the work of
Karniadakis et al.,25 where they reviewed the applications of embed-
ding physics into machine learning for simulating both forward and
inverse multiphysics problems.

Despite numerous advancements, a dearth of studies investigate
the flow dynamics inside wavy channels using PINNs. Shah and
Anand40 did insightful research on periodic flow in wavy corrugated
channels using PINNs, demonstrating the precision of PINN

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 37, 043610 (2025); doi: 10.1063/5.0264160 37, 043610-2

Published under an exclusive license by AIP Publishing

 29 July 2025 15:35:22

pubs.aip.org/aip/phf


compared to CFD results. However, a research gap exists in the literature
on the application of PINN to solve aperiodic flows with conventional
boundary conditions used in CFD. Also, flow dynamics in asymmetric
wavy channels mimicking realistic blood vessels has not been investi-
gated using PINN to date. Bridging these research gaps, the current
study explores the use of PINN for the solution of aperiodic flows in
symmetric and asymmetric wavy channels for varying Re and other
modulation parameters. The asymmetricity in the wavy channels is
incorporated by applying positive and negative phase shifts between the
upper and lower wavy channel walls. Streamwise and cross-streamwise
velocity components and WSS are computed using PINN and com-
pared with CFD results. Moreover, flow reversal due to recirculation
zones in asymmetric wavy channels is adequately captured and
highlighted. Additionally, we also studied the heat transfer characteris-
tics of symmetric channel with uniform and non-uniform temperature
distribution on the wavy walls along with its effects on Nusselt number
variation across the channel and the subsequent enhancement of heat
transfer properties. We have also used a loss-based learning rate sched-
uler to dynamically adjust the learning rate while training. This enhances
the entire DL model to accelerate convergence for the solution of the
governing equation of the physical system.

This paper deals with a conservative approach that uses constitu-
tive Cauchy stress formulations and reduces the order of derivatives in
the governing PDE. As a result, the mean squared error (MSE) is sig-
nificantly reduced from the previous study of Shah and Anand.40 We
have also created a learning rate scheduler algorithm. Though quite
widely used in the deep learning community, this sub-routine written
in Python 3.10.14 and PyTorch 2.4 is based on the MSE loss encoun-
tered in each training epoch. This scheduler algorithm monitors the
mean squared error obtained by putting the values obtained by PINNs
in the governing PDE equations. If the mean squared error does not
decrease much, the learning rate is decreased. This allows the PDE to
reach convergence faster with a lesser number of training epochs than
previous studies. Further intricacies of flow separation and recircula-
tion in asymmetrical regions, owing to zero wall shear stress regions,
have also been widely analyzed and discussed. This is of particular
importance to show the well mixing of fluids and enhanced heat trans-
fer effects. This article is organized as follows: Sec. I outlines the moti-
vation for the work and presents systematic literature review and
literature gap. Section II introduces the mathematical model required
for the numerical computation of hydrodynamics and thermal effects
inside the wavy channel. Section III details the framework of the proce-
dure adopted for the numerical computation of flow features and heat
transfer. Section IV validates the present DNN architecture against
benchmark problems solved using CFD. Section V discusses compre-
hensively the results obtained from numerical simulation along with
validation from the corresponding works previously done in the litera-
ture. Finally, Sec. VI encapsulates the conclusive insight of this study,
highlighting the key findings along with their physical implications,
and envisions the potential scope for future improvements.

II. FLOW CONFIGURATION AND GOVERNING
EQUATIONS

Literature suggests that the flow separation and optimized heat
transfer is possible by considering a modulated geometry. This study
implements a conservative deep learning algorithm to analyze the flow
phenomenon in both symmetric and asymmetric wavy patterned
channels. Our study is restricted to analyzing the heat transfer

characteristics for a symmetric channel with uniform and non-
uniform thermal boundary conditions. An infinitely long approxima-
tion is invoked for the flow variables in the z-direction compared to
the x-y plane, thus reducing the dimensionality of the problem. From
an extended physical domain as shown in Fig. 1, we have tried to ana-
lyze at the extremities of the domain to capture the intricacies of flow
dynamics caused by boundary layer effects.

A. Description of the physical system

The symmetric wavy wall structure along x-axis is taken as a
superimposition of two sinusoidal waves:

ytop ¼ a sin Bx þ p
2

� �
þ Hmin

2
þ a

� �
; (1)

ybottom ¼ a sin Bx þ p
2
þ /

� �
� Hmin

2
þ a

� �
: (2)

Here, Eqs. (1) and (2) represent the spatial variation of y-coordinates
for the upper and lower boundaries, respectively. The length of each peri-
odic module is specified as L ¼ 8. In Eqs. (1) and (2), B ¼ 2p

L denotes the
wave number for the periodic module. For this study, a module length
ratio of L=a ¼ 8 and a height ratio of Hmin

Hmax
¼ 0:3 were selected, with the

amplitude a set to 1. Notably, an additional parameter in Eq. (2),/, incor-
porates the asymmetry in the wavy module. To break the symmetry in
the system, / can be either positive or negative depending on whether we
want the phase shift to be in phase or out of phase. As shown in Fig. 2,
Hmin is the smallest channel height, located at the inlet and outlet of each

FIG. 1. Schematic diagram of the 2D flow geometry.

FIG. 2. Computational domain with symmetrical wavy side-walls.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 37, 043610 (2025); doi: 10.1063/5.0264160 37, 043610-3

Published under an exclusive license by AIP Publishing

 29 July 2025 15:35:22

pubs.aip.org/aip/phf


module, while Hmax is the maximum channel height at the module’s cen-
ter. The Reynolds number for this configuration is defined as

Re ¼ quavgHavg

l
; (3)

where

uavg ¼ mean characteristic velocity in a singlemodule; (4)

Havg ¼ average height ¼ Hmin þ Hmax

2
: (5)

In these expressions, Havg provides an effective height for calculating
average flow parameters.

B. Governing equations of hydrodynamics and energy
equation

In this study, a two-dimensional steady and incompressible fluid
flow in a wavy pattern channel is considered. The flow governing
equation deals with the conservation of mass, momentum in the fol-
lowing continuum, and constitutive formulations, given by

r� � v� ¼ 0; (6)

ðv� � r�Þv� ¼ 1
q
r� � r�; (7)

r� ¼ �p�Iþ lðr�v� þ r�v�>Þ; (8)

where u�, l, q, r�, and p� ¼ �trr�=2 designates the velocity field,
dynamic viscosity, density, Cauchy stress tensor, and mechanical pres-
sure, respectively. The advantages of using the continuum-mechanics-
based formulation are listed as follows:

1. It reduces the order of derivatives when a mixed-variable scheme
in physics-informed neural networks (PINNs) is applied.

2. It improves the trainability of deep neural networks (DNNs), as
evidenced by the comparison of numerical results.

In addition to the hydrodynamics, the background flow has been
used to analyze the convective heat transfer inside the wavy channel
using a steady-state two-dimensional energy equation assuming no
heat dissipation. The corresponding governing equation is

u�
@T�

@x�
þ v�

@T�

@y�
¼ k

qCp
r�ðr�T�Þ; (9)

where T�, a, q, and Cp denote the scalar temperature field, thermal dif-
fusivity, fluid density, and specific heat capacity at constant pressure,
respectively. Equations (6)–(8) are non-dimensionalized by their scalar
characteristic length and velocity scales given by

x ¼ x�

Havg
; r ¼ Havgr�; Re ¼ qu�avgHavg

l
;

Pr ¼ lCp

k
; p ¼ p�Havg

lu�avg
; h ¼ T� � Tw

Tref � Tw
;

where Pr, h�, Tw, and Tref represent the Prandtl number, non-
dimensionalized temperature, wall temperature, and reference
temperature, respectively. The above-mentioned non-dimensionalized
variables are incorporated into Eqs. (6)–(8) to obtain the following
equations:

@u
@x

þ @v
@y

¼ 0; (10)

u
@u
@x

þ v
@u
@y

¼ @rxx
@x

þ @rxy
@y

; (11)

u
@v
@x

þ v
@v
@y

¼ @ryx
@x

þ @ryy
@y

; (12)

u
@h
@x

þ v
@h
@y

¼ 1
Re � Prr

2h: (13)

The above-mentioned equation has been instrumental in evaluating
the loss function of DNN, which has been solved as a minimization
problem. In order to solve the aforementioned PDEs [Eqs. (10)–(12)],
a mixed-variable approach is used. In this setup, deep neural networks
map the spatiotemporal variables xf gT to the mixed-variable solution
w; p; rf g, where w is the stream function that has been used instead of
the velocity v to ensure the divergence-free condition of the flow. In a
two-dimensional scenario, the velocity components can be evaluated
from the stream function w as follows:

u ¼ @w
@y

v ¼ � @w
@x

:

In order to make the system of PDEs—Eqs. (10)–(13), a well-
posed problem, a set of well-defined boundary conditions need to be
prescribed, as depicted in Fig. 3. For the hydrodynamic problem, a
constant mass flow rate and temperature is given at the inlet. At the
walls, a no-slip boundary condition for the velocity field along with
h ¼ 0 is given for the temperature field. Finally, at the exit of the wavy
channel, a fully developed temperature profile and velocity profile
(zero-pressure exit condition) is prescribed.

III. MATHEMATICAL MODEL

In this section, we present the methodological foundation of
physics-informed neural networks (PINNs) and their use in finding
solution to partial differential equations (PDEs). The primary objective
of PINNs is to embed the knowledge of governing physical laws,
expressed as PDEs, directly into the training of a deep neural network,
enabling the network to approximate the solution effectively. A PINN
model is composed of multiple layer perceptron (MLP) that maps the

FIG. 3. Hydrodynamic and thermal boundary conditions along the channel wall.
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spatiotemporal coordinates to the solution. An auxiliary residual net-
work computes the residual of the governing equations. Thus, we can
directly tackle nonlinear problems without any prior assumptions, lin-
earization, local time-stepping, or grid dependence issue of variables to
be computed.

A. Mathematical framework of PINNs

Deep neural networks (DNNs) have been proven to be universal
approximators for continuous functions,41 consisting of multiple levels
(referred to as layers). Each layer is made up of neurons or nodes.
Through the application of a series of nonlinear transformations, called
activation functions, and training on sufficiently large datasets, DNNs
are capable of learning highly complex functions utilizing the backpro-
pagation algorithm. A fundamental form of neural networks is the mul-
tilayer perceptron (MLP), also called fully connected networks, which
consist of two or more layers in which each node is connected to every
node in both the previous and subsequent layers.42 To compute the
unknowns of Eqs. (10)–(12), let uðx; yÞ; vðx; yÞ and pðx; yÞ denote the
axial and transverse scalar components of velocity and pressure, respec-
tively, where x 2 R2 represents the spatial coordinate. PINNs approxi-
mate the spatial solutions by using a neural network (FNN), given by

ðu; v; pÞ ¼ FNNðx; y;HÞ;
where ðx; yÞ and ðu; v; pÞ denote the inputs and outputs of the neural
network, respectively, and H denotes the training parameters. For the
fully connected network (see Fig. 4),H includes the weights and biases
of multiple hidden layers. For the hidden layer k, the relationship
between the output vector Yk and the input vector Xk can be simply
expressed as

Yk ¼ /ðWkXk þ bkÞ;

where Wk and bk are weights and biases and /ð�Þ denotes the
activation function, which is used to represent the non-linearity of the
solutions. We use the hyperbolic tangent function, namely,
/ð�Þ ¼ tanhð�Þ, throughout the paper unless otherwise stated. In this
context, solving the nonlinear system of the governing equations is
equivalent to learning the weights and biases of the network. However,
for a multilayer perceptron problem, this can be defined as

Yk ¼ /kðYk�1Xk þ bkÞ: (14)

The weights and biases in Eq. (14) are updated using the backpropaga-
tion mechanism43 to minimize the value of the loss functional (L), ide-
ally driving it toward zero. This process is framed as an optimization
problem, where various optimization algorithms (optimizers) are

employed to iteratively adjust the weights and biases @L
@Wi

� �
. To compute

the necessary derivatives, the neural network leverages automatic differ-
entiation (AD), which automatically calculates the gradients of the loss
function with respect to the network’s parameters, facilitating the update
process. In this work, we have used PyTorch (2.4.1)44 for creating the
neural network. The architecture of the proposed PINN for fluid
dynamics simulation is presented in Fig. 4. It is quite evident that the
neural network comprises of two spatial variables as input and five direct
outputs, namely, w, p, and r. The derived outputs from the output layer
of the multilayer perceptrons (MLPs) are u, v, p, and r.

The general form of a PDE can be written as

ut þ N u½ � ¼ 0; x 2 X; t 2 0;T½ �;
where uðx; tÞ is the solution to the equation, N represents a linear or
nonlinear differential operator, and X is a subset of the n dimensional
spaceRn. The boundary conditions also need to be satisfied along the
inlet Ci, wall Cw, and exit Ce to make it a well-posed problem. In the
forward problem, the spatial coordinate x and the temporal coordinate

FIG. 4. Deep neural network architecture of PINN.
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t are provided as input variables to the neural network, while the solu-
tion uðx; tÞ is the output of the network.

The loss function can be defined by

L :¼ ut þ N u½ �: (15)

On comparing with Eqs. (10)–(12), we can obtain the loss function
similar to Eq. (15) as follows:

Lg1 ¼
1
Nc

XNc

i¼1

���� @û@x þ @v̂
@y

����
2

; (16)

Lg2 ¼
1
Nc

XNc

i¼1

����u @u@x þ v
@u
@y

� @rxx
@x

þ @rxy
@y

� �����
2

; (17)

Lg3 ¼
1
Nc

XNc

i¼1

����u @v@x þ v
@v
@y

� @ryx
@x

þ @ryy
@y

� �����
2

; (18)

Lg4 ¼
1
Nc

XNc

i¼1

����u @h@x þ v
@h
@y

� 1
Re � Prr

2h

����
2

; (19)

Lg5 ¼
1
Nc

XNc

i¼1

����rþ pI� 1
Re

rv þrv>ð Þ
����
2

: (20)

Similar to Eq. (15), the corresponding boundary losses need to be
defined along the inlet boundary Ci, wall boundary Cw, and exit
boundary Ce. In the same manner, Lg1 , Lg2 , Lg3 , Lg4 , and Lg5 denote
the physics loss occurring the system due to the governing equation.
All the loss functions are evaluated in Eqs. (16)–(20), wherein Nc rep-
resents the number of collocation points inside the bulk of the domain.
The computational domain to calculate the losses is depicted in Fig. 5.

Hence, the net loss due to the domain collocation points is the
scalar sum of all the losses,

Lg ¼ Lg1 þ Lg2 þ Lg3 þ Lg4 þ Lg5 : (21)

Similarly, we have the physics loss occurring due to the boundary
conditions along the boundaries C of the domain. The boundary losses
can be classified into two broad categories, namely, Dirichlet and
Neumann boundary conditions. Let us consider that we have Nd

number of boundary points with Dirichlet boundary conditions and
Nn number of points with Neumann boundary conditions, respec-
tively. Subject to the adaptability of the problem with various boundary
conditions, we have framed the boundary losses for the primitive vari-
ables in the following format:

LBCu ¼
1
Nd

XNd

i¼1

juðxi; yiÞ � Uij2 þ 1
Nn

XNn

i¼1

���� @u@n ðxi; yiÞ � Un

����
2

; (22)

LBCv ¼
1
Nd

XNd

i¼1

jvðxi; yiÞ � Vij2 þ 1
Nn

XNn

i¼1

���� @v@n ðxi; yiÞ � Vn

����
2

; (23)

LBCp ¼
1
Nd

XNd

i¼1

jpðxi; yiÞ � Pij2 þ 1
Nn

XNn

i¼1

���� @p@n ðxi; yiÞ � Pn

����
2

; (24)

LBCh ¼
1
Nd

XNd

i¼1

jhðxi; yiÞ � hij2 þ 1
Nn

XNn

i¼1

���� @h@n ðxi; yiÞ � hn

����
2

: (25)

Hence, we can compute the total loss generated in the system due to
the boundary values by summing up all the losses shown as follows:

LBC ¼ LBCu þ LBCv þ LBCp þ LBCh : (26)

Once all the losses, depicted in Eqs. (21) and (26), have been evaluated
for the boundary value problem, we can now compute the total physics
loss corresponding to the given boundary value PDE as

Lp :¼ Lg þ bLBC; (27)

where b (b > 0) is a user-defined weighting coefficient for the bound-
ary condition loss. Notably, we do not have data loss in our problem.
Moreover, we have not used any data from simulations or physical
experiments for training the PINN.

B. Effect of hyperparameters on PINNs performance

The performance of physics-informed neural networks (PINNs)
is highly sensitive to the choice of hyperparameters, which requires
careful tuning. Key hyperparameters that influence the accuracy of
PINNs include the network architecture (such as the number of hid-
den layers and neurons per layer), the learning rate, the choice of opti-
mizer, the activation function, and the method for initializing the
network weights. In this study, we have used Adam optimizer, a first-
order stochastic gradient-based method45 for training the model.

Adam optimizer is highly sensitive to the learning rate chosen.
To balance the convergence speed with stability in results, it is impor-
tant to carefully tune the learning rate. If the learning rate is too low,
training can be excessively slow or may become trapped in local min-
ima. Contrarily, a high learning rate could lead to oscillations around
local minima, preventing proper convergence. Hence, in this study, we
start with a relatively high rate of 10�3. A learning rate scheduler mon-
itors the loss function, adapting the learning rate based on the loss
encountered while training. To implement this, we propose a scheduler
sub-routine, depicted in Eq. (28), which has not been implemented in
any of the previous mentioned literature to the best of the author’s
knowledge. If the loss does not decrease for 20 consecutive epochs, the
learning rate is updated by the following formula:

gtþ1 ¼ maxðgmin; gt � cÞ; (28)
FIG. 5. Generalized computational domain depicting boundary losses comprising of
Cw for wall losses, Ci for inlet boundary losses, and Ce for exit boundary losses.
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where gt is the current learning rate, gmin is the minimum learning
rate allowed in the training process, and c is the learning rate multipli-
cation factor and should be between 0 and 1, so as to simulate a
decreasing learning rate behavior. In our case, we have used a learning
rate multiplication factor of 0.8 and a minimum learning rate of 10�6.
Xavier initialization46 was applied to initialize the parameters of the
neural network, providing a systematic and effective starting point for
training.

C. Data generation for DNN model

In PINNs, loss functions are defined across a continuous domain
but are evaluated practically at discrete points, known as collocation
points. These points are strategically selected using a multidimensional
distribution [Latin hypercube sampling (LHS)] on both the domain
boundaries and within the interior. Within the domain, the loss corre-
sponding to the governing PDE (referred to as the functional or PDE
loss) is calculated, while on the boundaries, a separate loss captures the
boundary conditions. This method eliminates the need for traditional
grid generation, as shown in Fig. 6(a). For modeling bulk flow along
the wavy channel, evenly spaced collocation points are generated
across the boundary and throughout the domain’s interior. Notably,
the collocation points are refined near the walls to better capture the
details of the flow.

It is noteworthy of mentioning that PINN is an unsupervised,
meshless deep learning method, so theoretically does not require any
specific arrangement of points but as per the classical CFD notion, it is
a good practice to refine the points near the wavy wall boundary,
mainly for capturing the boundary layers effects and ensuring accurate
wall shear stress and drag calculation. Data generation in a wavy chan-
nel presents unique challenges due to its complex geometry. In this
study, Latin hypercube sampling (LHS)47 is utilized to generate collo-
cation data points. To accurately capture flow details, these points are
concentrated near the corrugated walls. An elaborate description of the
number of points on collocation and boundary points for different
cases along with a brief outline of the DNN architecture and hyper-
parameters are described in Table I.

However, there are ample number of studies that can be cited,
which show a random distribution of collocation points inside the

computational domain, namely, Villi�e et al.48 used PINN to assimilate
the turbulent mean flow fields from Cartesian time-resolved three-
dimensional phase-contrast magnetic resonance imaging [known as
four-dimensional (4D) flow MRI] measurements in an in vitro axis-
symmetric stenosis. They have used random sampling of training and
collocation points based on Latin hypercube sampling (LHS) to facili-
tate the forward problem solving since the optimization is based solely
on the fulfillment of the PDEs in the artifact region.

IV. VALIDATION OF DNN MODEL

This section focuses on the validation of PINN results and its
training process for some benchmark cases so as to establish the confi-
dence on the working and accuracy of the deep learning model. In this
study, we have considered two benchmark problems, namely, lid-
driven cavity and plane channel flow problem.

A. Loss updates and error residuals during DNN
training

In this study, the correctness of the DNN model is verified by
performing a mass conservation study on the outputs produced by the
DNN model. For this study, an asymmetric wavy channel is consid-
ered with a phase shift / ¼ 60� in the lower wall, as shown in
Fig. 6(b). The loss variations during training for the collocation points
and the points at the inlet, outlet, and the wall boundaries are plotted
in Fig. 7. The loss is found to decrease gradually with epochs, as

FIG. 6. (a) Symmetric and (b) asymmetric data distributions for the expanded and compressed section of the channel.

TABLE I. Hyperparameters used in the present study.

Channel type Architecturea
Collocation

points
Boundary
points f(z)b

Plane 5� 80 39 600 8000 tanh
Symmetric wavy 6� 100 62 000 8000 tanh
Asymmetric wavy 6� 100 89 600 9000 tanh

aArchitecture refers to number of hidden layers � number of nodes per hidden layer
used in the PINN model.
bf ðzÞ: Activation function used, applied layer-wise to introduce non-linearity.
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desired. The spikes in the loss curves represent the points in the train-
ing process when the loss update becomes unstable, with rapid fluctua-
tions in the loss obtained. So, the loss-based learning rate scheduler
intervenes into the training process and decreases the learning rate to
make the loss update stable again. Henceforth, the loss function tends
to decrease gradually until the loss update becomes unstable again.

The DNN model is also validated by performing a mass conser-
vation study on the outputs obtained. For this study, the residuals of
continuity equation are given in Eq. (10). The residuals are found to be
of the order of magnitude 10�13, which can practically be regarded as
0. The residuals obtained for models of varying numbers of layers is
plotted in Fig. 8, along with the average squared errors obtained for
quantities of interest–cross-stream velocity component u and trans-
verse velocity component v. The average errors for u and v are of the
order 10�2 and 10�3, respectively, which is well within the errors
obtained by Shah and Anand.40 The continuity residuals and the aver-
age squared errors of the quantities of interest are observed to decrease
as the number of layers is increased in the DNN model. This shows
that the accuracy of the PINN simulation increases as the number of
layers in a model is increased.

B. CFD solution

Prior to the comparison of PINN solution with CFD solution, we
need to check the dependency of CFD solution on the grid size. The
mesh dependency study was conducted using the COMSOL
Multiphysics 6.2’s custom meshing module, ensuring optimal control
of mesh refinement. In Table II, the mean velocity along the centerline
for a symmetric sinusoidal channel along with simulation time has
been tabulated corresponding to the number of mesh elements.

Figure 9 illustrates the effect of mesh refinement on the average
velocity (uavg) within a sinusoidal symmetrical channel. Initially, as the
mesh is refined, uavg decreases due to the improved resolution of
boundary layers and flow structures. However, beyond approximately
15,860 elements, further refinement has minimal impact on uavg, indi-
cating amesh-independent solution. Moreover, a clear trade-off exists
between simulation time and mesh elements. While finer meshes
enhance accuracy, they significantly increase computational cost, as
evident from the rising blue curve. The selected mesh resolution
achieves a balance between accuracy and efficiency, making it optimal
for capturing the flow physics without excessive computational over-
head. To validate the proposed PINN architecture, based on the
above-mentioned mesh dependency study, we arrive at the following
parameters listed in Table III. We have discretized the pressure and
velocity coupling using finite element methodology with second order
quadratic Lagrangian elements. Moreover, a successive over-relaxation
(SOR) and parallel direct solver are used to solve the linear system iter-
atively. The parameters used for the simulations are mentioned in the
Table III.

1. Lid-driven cavity validation

In the first phase of comparison, we consider a cavity with no-
slip walls with the upper lid moving at a uniform velocity, with
Reynolds number equal to 100. The axial and transverse velocity com-
ponents are validated against the pioneering work of Ghia et al.49 and
presented in Fig. 10. The present result is observed to be comparable,
with difference less than 2%. Hence, the code is assumed to be working
well as per the proposed solution. Moreover, the axial and transverse

FIG. 7. Prominent loss variations with epochs for the hydrodynamic study decay
during the training procedure utilizing the sequential training algorithm. The
highlighted zone depicts the point in the training process where the loss function
exhibits instability and frequent fluctuations; hence, the loss-based learning rate
scheduler intervenes to decrease the learning rate to stabilize loss update. FIG. 8. Continuity residual and average errors of the quantities of interest with

respect to CFD simulation for models with varying numbers of layers.

TABLE II. Mesh elements vs uavg and simulation time.

Mesh elements
Grid 1 Grid 2 Grid 3 Grid 4 Grid 5 Grid 6 Grid 7
216 962 1470 2396 6240 15 910 24 308

uavg 0.28055 0.27430 0.27316 0.27266 0.27183 0.27191 0.27192
Simulation time (s) 1 1 2 2 3 4 5
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velocity components are found to be concurrent with the existing liter-
ature result as shown in Figs. 11(a) and 11(b).

2. Plane channel flow

To check the accuracy of the model, we have tried to compare the
flow field of a plane Poiseuille flow in a parallel plate channel obtained
from PINN with CFD simulation. A moderate Re is chosen to capture
the behavior of a Newtonian fluid flow through the channel. This con-
figuration ensures that both the developing and fully developed veloc-
ity profiles align closely with the reference solution. From Fig. 12(b),
the evolution of the velocity profile along the length of the channel is
evident. Initially, the flow exhibits a plug-like profile at the inlet, con-
sistent with the imposed boundary conditions. As the flow progresses,
viscous boundary layers form and grow, causing the core velocity to
evolve. Eventually, the velocity profile reaches a steady, fully developed
parabolic shape, providing a laminar flow between parallel plates.
From Figs. 12(a) and 12(b), it is concluded that the accuracy and effi-
ciency of the present model is well validated and comparable.

V. RESULTS AND DISCUSSION

This section discusses the results obtained from the simulation
performed by PINNs, compared with the corresponding CFD data to
evaluate the error obtained. Various geometrical and flow parameters
are modified to generate flow fields and heat transfer characteristics,
which capture the intricate flow dynamics in the wavy geometries.

A. Wavy channel

In this section, the flow field patterns obtained by PINN in the
symmetric and asymmetric wavy channels for different Re are pre-
sented. Both in-phase and out-of-phase configurations are considered
for asymmetric wavy geometries, mimicking the anatomy of tortuous
blood vessels.50 PINN results are compared with conventional CFD
results. Absolute errors between PINN and CFD results are also
reported as an alternative metric for error analysis compared to relative
errors, due to the channel wall curvature. Flow reversal may occur
within the wavy sections, leading to recirculation zones. The low veloc-
ities within these regions result in near-zero denominators during the
relative error calculation, amplifying the error in these areas and mak-
ing them too unreliable to interpret throughout the domain.
Specifically, blood flow hemodynamics are modeled under the
Newtonian regime,51 which can be easily handled by the model for
comparison with practical observations.

1. Channel with symmetrical boundaries

This section presents the results of symmetric channel for two
distinct cases simulated for different Reynolds numbers (Re¼ 10 and
Re¼ 80) depicting two varied flow regimes. Figure 13 shows the
streamwise velocity (u) contours for the two Re (Re¼ 10 and
Re¼ 80). The left column [Figs. 13(a) and 13(d)] displays the CFD
results, while the middle column [Figs. 13(b) and 13(e)] presents the
results from the PINNs. The right column [Figs. 13(c) and 13(f)] high-
lights the absolute error between the PINNs and CFD predictions.

FIG. 9. Mesh independence study.

TABLE III. Parameters used in CFD simulation.

Parameter Value

Total number of elements 15 910
Number of domain elements 15 352
Number of boundary elements 558
Maximum element size 0.0715
Minimum element size 8.25� 10�4

Maximum element growth rate 1.08
Curvature factor 0.25
Resolution of narrow regions 1
Fully coupled nonlinear method Newton (automatic)
Solver Parallel direct sparse

solver interface

FIG. 10. Contour plot for the streamlines in the lid-driven cavity problem obtained
using the proposed PINN architecture, compared with Ghia et al.49
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PINN contours illustrate that the streamwise velocity reaches its
highest magnitude at the inlet and outlet due to the constriction of the
cross-sectional area, which accelerates the flow. Because of the symme-
try, the velocity distribution remains symmetric about the channel’s
central axis, as illustrated in Figs. 14(a) and 14(b). The error plots in
Figs. 13(c) and 13(f) illustrate that the absolute error is lower at
Re¼ 15. However, as Re increases to 80, the error magnitude grows
significantly. Figure 15 shows the cross-stream velocity contours,
where the PINNs results exhibit good agreement with the CFD, as
indicated by the uniform color bar scaling. Similar to the streamwise
velocity, the absolute error in the cross-stream velocity also increases
with Re, as depicted in Figs. 15(c) and 15(f).

Based on the mesh dependency study conducted in the previous
section, the streamwise velocity profiles have been updated. Figure 14
depicts the plots of the centerline u-velocity variation along the y-axis
at specific cross sections (fixed x-locations). A key difference between
the velocity profiles at the two Re is the presence of flow reversal, indi-
cated by negative velocities in Fig. 14(b), which is absent in Fig. 14(a).
This behavior reflects the formation of recirculation zones at

higher Re, captured accurately by the PINNs model. The improved
resolution near the wall, achieved by increasing the density of colloca-
tion points in the wall-normal direction, ensures that the model cap-
tures the flow behavior close to the boundaries effectively. The plots
shown are in close agreement with the results obtained by Shah and
Anand.40

Due to sufficiently enriched grid scheme, a convergent CFD solu-
tion is obtained, although it is noteworthy to mention that PINN solu-
tion undervalues the corresponding CFD results. This underestimation
of the CFD results by the PINN architecture is likely due to grid-based
numerical diffusion effects of CFD and the universal approximating
nature of neural networks. Unlike CFD, PINN does not suffer from
numerical diffusion effects, but might introduce limitations due to the
struggle of the gradient descent algorithm to overcome the stiffness in
physics-based optimization process. At higher Reynolds numbers, this
discrepancy becomes more pronounced due to the increased inertial
effects. As a result, PINN fails to capture the sharp gradients in solu-
tion, which leads to underestimation of the hydrodynamic flow fea-
tures, as depicted in Fig. 14(b).

FIG. 11. Comparison of (a) axial (u) and
(b) transverse velocities (v) for the lid-
driven cavity problem obtained using the
proposed PINN architecture, with Ghia
et al.49

FIG. 12. (a) Velocity contour plot for plane channel flow at Re¼ 20, where the flow symmetry is preserved at the inlet, and (b) axial velocity profile with respect to y-axis.
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2. Channel with asymmetric boundaries

In this section, both positive (in-phase) and negative (out-phase)
phase shifts between the upper and the lower channel wall are consid-
ered. Phase shifts of / ¼ 30�;�30�, / ¼ 60�;�60�, / ¼ 90�;�90�,
and / ¼ 180� are considered, and their effects on streamwise and
cross-stream velocity are highlighted. For our convention, the lower
wall moving toward negative x-axis is considered in-phase and the
opposite direction is considered out-phase. To simulate the flow in

asymmetric wavy channel and mimic the flow regime of blood in
blood vessels, a low Reynolds (Re ¼ 10) is considered.

Effect of wall heterogeneity on the flow velocity: Figures 16 and
17 depict the streamwise (u) and transverse (v) velocity components
for the out-phase asymmetric channels along with the absolute error
plots compared to the CFD results. An opposite qualitative flow behav-
ior is seen where higher velocities are observed at the inlet due to con-
striction in the cross-sectional area compared to in-phase (Figs. 18 and

FIG. 13. Streamwise velocity component obtained from (a) CFD simulation and (b) PINN and (c) error for Re ¼ 10; / ¼ 0. Streamwise velocity component obtained from (d)
CFD simulation and (e) PINN and (f) error for Re ¼ 80; / ¼ 0.

FIG. 14. Streamwise velocity profile at x ¼ 0 for (a) Re ¼ 10; / ¼ 0 and (b) Re ¼ 80; / ¼ 0, obtained for both PINN and CFD solutions.
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19). Despite dense collocation points near the boundaries, relatively
higher errors persist in regions with minimal cross-sectional areas due
to the wavy profile of the channel and zero-pressure outlet boundary
conditions as the flow does not have enough time to fully develop. The
lower wall of the geometry allows the bulk of the fluid to shift toward
the exit, facilitating backflow.

The streamwise velocity component (u) for the in-phase asymmet-
ric channels, along with the absolute error plots compared to the CFD
results, is shown in Fig. 18. Unlike the symmetric channels where high
velocities are confined to the channel inlet and outlet, in asymmetric
channels, they are observed at various locations due to variations in the
cross-sectional area. For instance, Figs. 18(e) and 18(h) show peak veloc-
ity at the channel outlet. Contrarily, Fig. 18(k) shows it near the channel
midpoint. Similar to out-phase, relatively higher absolute error is
reflected at the channel exits, but to a lesser extent. These minor discrep-
ancies in the PINN results yield a close match with the CFD results.
Figure 19 illustrates the transverse (v) velocity component along with
the absolute error plots compared with the CFD results. Notably, regions
with minimal cross-sectional area exhibit irregular fluctuations in the
cross-stream velocity component due to the recirculation zones created
by flow reversal. In Fig. 19, the peak streamwise velocity component
shifts toward a narrower cross-sectional area, thus disrupting symmetry.
The peak velocity shifts between the inner and the outer wall as a func-
tion of the crest-trough locations of the wavy channel. Additionally,
transverse velocity magnitudes increase with the increase in the phase
shift angle /, as illustrated in Fig. 19.

The variation of streamwise velocity component with wall-
normal distance for different phase shifts is presented in Figs. 20 and
21 for the out-phase and in-phase asymmetric channels, respectively.

In both figures, there is an increase in the magnitude of the maximum
streamwise velocity component with an increase in the phase shift due
to minimization of the cross-sectional area with the corresponding
phase angle /. The velocity profile obtained from PINN in Fig. 20(a)
shows discrepancies from the CFD profile due to negative phase shifts
toward the outlet. However, despite the mismatch, no-slip boundary
condition is preserved along the corrugated walls. Unlike symmetric
channels, wherein the flow experiences uniform conditions on both
sides of the centerline, velocity profiles exhibit asymmetric behavior
around the mean axis, have distorted orientations, and are more
slanted to achieve maximum velocity, as the channel walls are not
aligned with each other. As a result, the flow near those walls experi-
ence more resistance leading to variation in the pressure gradient. This
distorts the velocity profile and can cause the flow to be slower near
one side of the channel and faster on the other side, leading to an
asymmetric velocity distribution.

Figure 20 illustrates the variation of streamwise velocity profile
along the wall-normal direction for asymmetric out-phase. Figure
20(a) shows the profile for �30� phase shift with a single peak at the
channel center with symmetric decay toward the walls. The peak veloc-
ity is moderate, compared to the larger phase shifts. This relatively
symmetric shape suggests that a small phase shift does not cause much
asymmetry in the velocity distribution as the flow experiences minor
effects of the out-of-phase geometry. As the phase shift angle increases
and distorts the geometry, the flow asymmetry becomes more pro-
nounced, as shown in Fig. 20(b), due to increased constriction on one
side of the channel. Figure 20(c) shows prominent asymmetric pattern
with a substantial increase in the magnitude and a pronounced profile
skewness, as the velocity gradient near the peak is steeper on one side.

FIG. 15. Cross-stream velocity component obtained from (a) CFD simulation and (b) PINN and (c) error for Re ¼ 10; / ¼ 0. Cross-stream velocity component obtained from
(d) CFD simulation and (e) PINN and (f) error for Re ¼ 80; / ¼ 0.
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The higher peak velocity is due to the greater flow acceleration through
these constricted regions, as the fluid experiences greater shear forces
and convection effect that produces a larger pressure gradient.

Friction factor: As earlier mentioned by Bahaidarah and Chen,52

the friction factor for a wavy channel is mathematically defined as

f ¼ PmðMIÞ � PmðMOÞ½ �Hav

ðLÞð2qu2avÞ
; (29)

where MI and MO stand for module inlet and module outlet, respec-
tively, Pm is the mean pressure, and Hav is the average channel height
given by

Hav ¼ Hmin þ Hmaxð Þ
2

:

Figure 22 illustrates the variation of friction factor (f) with Reynolds
number (Re) for a symmetrical sinusoidal wavy channel with periodic
inlet and outlet boundary conditions. The friction factor follows a
decreasing trend as the Reynolds number increases, characteristic of
laminar and transitional flows where viscous effects dominate at a
lower Re, while inertial effects become more significant at a higher Re.

The data points from the present study show a close agreement with
previous pioneering studies by Bahaidarah and Chen52 and Ni�ceno
and Nobile.53 Additionally, the best-fit correlation for the friction fac-
tor as a function of Reynolds number is computed and given in Eq.
(30), which provides an empirical relationship describing the overall
trend in the data,

logf ¼ �0:75: logðReÞ þ 1:13: (30)

The close agreement of the present study with the literature con-
firms the validity of the numerical approach used. The slight deviations
observed can be attributed to several factors, including geometrical dif-
ferences in the wavy channel shape, numerical discretization errors
due to differences in mesh resolution and computational schemes, and
boundary conditions implementations that may slightly affect the
computed friction factor. Additionally, variations in the flow regime,
particularly in the transitional range, may introduce minor discrepan-
cies. Despite these factors, the present study successfully captures the
expected behavior of the friction factor in a wavy channel and aligns
well with previous experimental and numerical findings. This reinfor-
ces the understanding that wall undulations significantly influence

FIG. 16. Streamwise velocity obtained from (a) CFD simulation, (b) PINN, and (c) error for Re ¼ 10; / ¼ �30�. Streamwise velocity obtained from (d) CFD simulation, (e)
PINN, and (f) error for Re ¼ 10; / ¼ �60�. Streamwise velocity obtained from (g) CFD simulation, (h) PINN, and (i) error for Re ¼ 10; / ¼ �90�.
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flow resistance, particularly at lower Reynolds numbers, where
increased surface complexity enhances viscous effects.

Wall Shear Stress variation (WSS): In an asymmetric wavy
channel with upper and lower wall phase shifts, the wall shear stress
(WSS) distribution is influenced significantly by the local curvature of
each wall and the interaction between their phases. Figure 23 depicts
the wall shear stress profile variation along the axial direction evaluated
on the lower wall. It highlights the flow separation and reattachment
points where s ¼ 0. The wall shear stress magnitude for the lower wall
increases significantly as the channel becomes more asymmetric,
except in the channel center where there is a relatively less distortion.
WSS is found to be higher at the inlet, likely because the boundary
layer is initially thin, resulting in a strong velocity gradient near the
walls. Since WSS is directly proportional to the velocity gradient at the
wall, this boundary layer leads to high WSS near the inlet. As the flow
progresses downstream, the boundary layer thickens, reducing the
velocity gradient at the wall, consequently reducing WSS. Figure 23(a)
depicts the wall shear stress in the stream wise direction in a symmetric
channel. The maximumWSS occurs at the narrower parts of the chan-
nel (near crests), and the minimum is observed at the wider sections
(near troughs). The values are relatively low due to the low Reynolds

number, showing a smooth curve without significant oscillations.
Contrarily, in a symmetric channel with a relatively higher Reynolds
(Re¼ 80) [Fig. 23(b)], we observe a similar pattern with a higher WSS,
indicating stronger velocity gradients near the wall.

Unlike Figs. 23(a) and 23(b), in the remaining plots, the symme-
try is lost owing to the asymmetry in the channel geometry. From
Fig. 23(c), the peaks of both the in-phase and out-phase can be inferred
to not align, resulting in staggered peaks. Thus, the flow experiences
varying confinement as it progresses axially. Similarly, in Fig. 23(d),
the asymmetry is more pronounced. Figures 23(d) and 23(e) show an
irrational increase in the magnitude of WSS at the inlet, because the
wavy pattern of the lower wall is shifted in the right direction to that of
the upper wall. Thus, the flow profile at the lower wall is closer to a
crest, while that at the upper wall is closer to a trough, effectively nar-
rowing the flow path at the inlet. This constriction forces the flow to
accelerate more at the inlet, increasing the velocity gradient near the
wall and leading to a higher WSS. In the case of 180� phase shift, WSS
variations for a lower wall form distinct, mirrored profiles with peaks
occurring at opposite axial positions, as shown in Fig. 23(f).
Conversely, in the wider sections, the flow has more space to spread
out, leading to reduced flow velocity and smaller velocity gradients

FIG. 17. Cross-stream velocity obtained from (a) CFD simulation, (b) PINN, and (c) error for Re ¼ 10; / ¼ �30�. Cross-stream velocity obtained from (d) CFD simulation,
(e) PINN, and (f) error for Re ¼ 10; / ¼ �60�. Cross-stream velocity obtained from (g) CFD simulation, (h) PINN, and (i) error for Re ¼ 10; / ¼ �90�.
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near the walls, resulting in a lower wall shear stress. As a result, a rel-
atively low WSS is observed than the other profiles for different
phase shifts. The peaks in wall shear stress arise due to flow accelera-
tion in the constricted regions. As the fluid is forced to speed up to
pass through these narrow sections, the increased velocity near the
wall results in a higher shear stress. The peaks represent the points
where the velocity gradient is the steepest due to both wall proximity
and high flow velocity, together creating a strong shear forces at the
wall.

Pressure drop across the channel: This section illustrates a com-
prehensive outline of the stream wise variation of pressure drop within
the corrugated channel. It is important to study this feature as it con-
tributes to the asymmetric flow rate distribution inside the channel.
Moreover, the pressure drop can be attributed to the hydraulic resis-
tance offered across the asymmetric channel module. The pressure
drop is evaluated with respect to the exit gauge pressure p ¼ 0. Figures
24 and 25 vividly illustrate the pressure drop variation in both sym-
metric and asymmetric (both in-phase and out-of-phase channels).

FIG. 18. Streamwise velocity obtained from (a) CFD simulation, (b) PINN, and (c) error for Re ¼ 10; / ¼ 30�. Streamwise velocity obtained from (d) CFD simulation, (e)
PINN, and (f) error for Re ¼ 10; / ¼ 60�. Streamwise velocity obtained from (g) CFD simulation, (h) PINN, and (i) error for Re ¼ 10; / ¼ 90�. Streamwise velocity obtained
from (j) CFD simulation, (k) PINN, and (l) error for Re ¼ 10; / ¼ 180�.
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Notably, several factors are responsible for pressure drop variation, like
phase shift angle, friction factor, and re-absorption coefficient. To
maintain brevity of the study, we have restricted ourselves to studying
the effect of pressure drop with phase shift angle.

From Fig. 24, it can be noted that as the width of the channel con-
tracts, the pressure drop increases significantly. On the contrary, at the
other end of the channel, the pressure drop is equal to zero, as it satis-
fies the exit pressure boundary condition. Additionally, we observe
that the relative magnitude of pressure drop is lower in the case of

higher Reynolds numbers in comparison with lower Reynolds num-
bers. This observation can be justified using the non-dimensional pres-
sure drop (Dp), given by the following equation:

Dp ¼ Dp�

qu�2avg
: (31)

It is evident from the above-mentioned equation that with an
increase in the Reynolds number, the average velocity increases.
Conversely, using Eq. (31), the average velocity is decreased.

FIG. 19. Cross-stream velocity obtained from (a) CFD simulation, (b) PINN, and (c) error for Re ¼ 10; / ¼ 30�. Cross-stream velocity obtained from (d) CFD simulation, (e)
PINN, and (f) error for Re ¼ 10; / ¼ 60�. Cross-stream velocity obtained from (g) CFD simulation, (h) PINN, and (i) error for Re ¼ 10; / ¼ 90�. Cross-stream velocity
obtained from (j) CFD simulation, (k) PINN, and (l) error for Re ¼ 10; / ¼ 180�.
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Particularly, from Fig. 25, it is observed that at the channel
entrance, the pressure drop for the symmetric case is more than the
asymmetric case. This happens because the contraction area no lon-
ger lies at the entrance with the phase shift. However, among the
asymmetric cases, the highest pressure drop at the entrance is
observed for 90� phase shift, irrespective of in-phase or out-phase
cases. Moreover, a local minimum is observed for out-of-phase
asymmetric channels due to the increase in the average velocity
(uavg) at the center of the channel, resulting in a rapid decrease in the
magnitude of the pressure drop. The reverse phenomenon is

observed for in-phase asymmetric channels. An interesting feature of
Fig. 25 is the pressure drop variation at a phase shift of 180�. The
patterns of pressure drop for an in-phase shift of 180�, depicted in
Fig. 25(b), do not resemble the pattern as depicted by the other in-
phase pressure drop plots.

B. Thermal characteristics of wavy channel

In this section, the PINN architecture is implemented in the wavy
geometry, which can be extended further for any complex geometries.

FIG. 20. Streamwise velocity profile for (a) Re ¼ 10; / ¼ �30�, (b) Re ¼ 10; / ¼ �60�, and (c) Re ¼ 10; / ¼ �90� obtained for both PINN and CFD solutions.

FIG. 21. Streamwise velocity profile for
(a) Re ¼ 10; / ¼ 30�, (b) Re ¼ 10; /
¼ 60�, (c) Re ¼ 10; / ¼ 90�, and (d)
Re ¼ 10; / ¼ 180� obtained for both
PINN and CFD solutions.
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To explore the heat transfer effect for the thermal analysis of flow
inside wavy channel, we have restricted ourselves to symmetric chan-
nels only with both uniform and non-uniform temperature distribu-
tion along the wavy walls.

1. Homogenous temperature distribution on wavy walls

Figures 26–29 represent the temperature distribution for different
Reynolds numbers keeping the Prandtl number (Pr) constant to 0.7.
At low Re ¼ 5, we have observed that the temperature within the fluid
reduces significantly. Along the walls of the passage, a thermal bound-
ary layer forms, representing a circulation region where temperature

FIG. 22. Variation of friction factor with Reynolds number in the third module of
sinusoidal wavy channel depicted in Fig. 1, validated against Bahaidarah and
Chen52 and Ni�ceno and Nobile.53

FIG. 23. WSS variation along stream for (a)Re ¼ 10;/ ¼ 0�, (b) Re ¼ 80;/ ¼ 0�, (c) Re ¼ 10;/ ¼ 30�; �30�, (d) Re ¼ 10;/ ¼ 60�; �60�, (e) Re ¼ 10,
/ ¼ 90�; �90�, and (f) Re ¼ 10;/ ¼ 180�.

FIG. 24. Pressure drop along the axial direction in a symmetric channel with varia-
tion of Reynolds numbers and zero phase shift.
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gradients are the most pronounced. Within this layer, heat transfer
between the walls and the fluid layers is dominated, leading to a grad-
ual establishment of a thermal equilibrium. The thickness of the
boundary layer typically increases downstream as the fluid absorbs or
loses heat, depending on the thermal conditions of the walls. The tem-
perature contour for Re¼ 5 and 10, as shown in Figs. 26 and 27, is in
accordance with that of pioneering study of Wang and Vanka.12

As the Reynolds number increases, the temperature profiles
within the recirculation regime begin to exhibit significant distortion,

as shown in Figs. 28 and 29 for Re¼ 20 and 50, respectively. This dis-
tortion is caused by the enhanced mixing and chaotic flow patterns
introduced by the growing eddies. As a result, the previously estab-
lished thermal boundary layer is disrupted and effectively destroyed by
the turbulent motion. Notably, near the reattachment point, where the
flow transitions back to a more streamlined pattern after separation,
the temperature gradient is steeper than that observed near the separa-
tion point. This increased gradient near the reattachment zone is due
to an intensified heat transfer driven by the stronger interaction

FIG. 25. Variation of pressure drop along
the axial direction in asymmetric channel
with (a) out-phase shifts (Re ¼ 10; /
¼ �30�, Re ¼ 10; / ¼ �60�, and Re
¼ 10; / ¼ �90�) and (b) in-phase shifts
(Re ¼ 10; / ¼ 30�, Re ¼ 10; / ¼ 60�,
Re ¼ 10; / ¼ 90�, and Re ¼ 10;
/ ¼ 180�).

FIG. 26. (a) Isotherm and (b) surface plot
for homogenous temperature distribution
at Re ¼ 5; Pr ¼ 0:7 in the expanded
part of the cross section.

FIG. 27. (a) Isotherm and (b) surface plot
for the homogenous temperature distribu-
tion at Re ¼ 10; Pr ¼ 0:7 in the
expanded part of the cross section.
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between the fluid and the surface, highlighting the complex interplay
between flow dynamics and thermal behavior in high Reynolds num-
ber regimes.

We can define the local Nusselt number as

Nu ¼ hDh

K
¼ Dh

hm

@h
@n

: (32)

Here, h is the convection heat transfer coefficient, the hydraulic diame-
ter (Dh) is defined as twice the average height (Hm), and hm is the bulk
mean temperature,

@h
@n

¼
� @f
@x

@h
@x

þ @h
@yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ @f
@x

� 	2
s

and

f ðxÞ ¼ ytop ¼ sin Bx þ p
2

� �
þ Hmin

2
þ a

� �
:

Therefore,

@h
@n

¼
�B cos Bx þ p

2

� �
@h
@x

þ @h
@yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ B2 cos 2 Bx þ p
2

� �s : (33)

From Fig. 30(b), it can be inferred that the optimum heat transfer in
terms of Nusselt numbers is observed near the expanded and con-
tracted cross sections of the wavy channel, respectively. This behavior
can be attributed to the minimum cross section, and the flow velocity
increases with constriction, enhancing convective heat transfer and
leading to higher Nusselt numbers. Conversely, at the maximum cross
section, the flow velocity decreases, reducing convective effects and
resulting in low Nusselt numbers.

Furthermore, the local Nusselt number increases with the
Reynolds number, as depicted in Fig. 30(a). This occurs because, at
higher Reynolds numbers, the temperature gradients near the mini-
mum cross section become steeper due to intensified convective heat
transfer. The combination of recirculation eddies and flow acceleration
in the constricted regions further amplifies this effect, leading to a
more pronounced variation in the Nusselt number distribution.

2. Non-homogeneous temperature distribution along
wavy walls

To observe the variation in the heat transfer rate in complex net-
work systems, a sinusoidal heat transfer condition is considered along
the wavy walls. Thermal and flow behavior is highly influenced by
sinusoidal geometry of the wavy channel, as shown in Fig. 31(a). The
thermal and flow behavior, subjected to non-homogeneous tempera-
ture boundary conditions, was analyzed for varying Reynolds (Re) and
Prandtl (Pr) numbers. As shown in Fig. 31(b), the upper and lower

FIG. 28. (a) Isotherm and (b) surface plot
for homogenous temperature distribution
at Re ¼ 20; Pr ¼ 0:7 in the expanded
part of the cross section.

FIG. 29. (a) Isotherm and (b) surface plot
for homogenous temperature distribution
at Re ¼ 50; Pr ¼ 0:7 in the expanded
part of the cross section.
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walls of the channel were assigned a spatially varying temperature pro-
file, given by the following equation:

hðxÞ ¼ 0:2cos2ðpx=LÞ: (34)

At inlet, the boundary condition for the temperature is set to 0,
while the streamwise velocity component is set to 1 in non-
dimensional form. The outlet has a zero temperature gradient and
zero-pressure boundary condition. The simulation results, presented
through contour and surface plots, provide insight into the heat trans-
fer characteristics and flow dynamics under different thermal-fluid
conditions.

Figure 32 depicts the temperature profiles for Re ¼ 20 and
Pr ¼ 0:5. The contour plot [Fig. 32(c)] shows broader and smoother
temperature gradients compared to Fig. 33(c). The surface plot reveals
a more uniform temperature distribution. The lower Prandtl number,
indicating a higher thermal diffusivity, promotes more effective heat
diffusion throughout the fluid, resulting in reduced temperature gra-
dients despite the minimal convective effects. Figure 33 illustrates the
contour and surface plots for temperature distribution for Re ¼ 20
and Pr ¼ 0:7, respectively. The contour plot [Fig. 33(c)] reveals
smooth and symmetric temperature gradients, indicating a diffusion-
dominated heat transfer regime. The surface plot shows a gradual

FIG. 31. (a) Temperature boundary condi-
tions applied on the domain and (b) varia-
tion of the temperature boundary condition
along the side-walls.

FIG. 30. Variation of Nusselt number (a)
with low and moderate Reynolds number,
taken on logarithmic scale, and (b) along
the axial direction for different Reynolds
numbers (Re ¼ 5; 10; 20; 50).

FIG. 32. Surface plots for (a) PINN and (b) CFD simulations. (c) Isotherm for PINN simulation of non-homogenous temperature distribution for Re ¼ 20; Pr ¼ 0:5 in the
expanded part of the cross section.
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decrease in temperature from the heated walls to the cooler core of the
flow. As the Reynolds number is low, viscous forces dominate, result-
ing in weak convective heat transfer. Moderate Prandtl number sug-
gests comparable thermal and momentum diffusivities, leading to
predominantly conductive heat transfer. In Fig. 34, the results for
Re ¼ 50 and Pr ¼ 0:7 are shown. The contour plot [Fig. 34(c)] dis-
plays elongated and compressed temperature contours near the walls,
reflecting stronger convection effects. The surface plot highlights
greater asymmetry in the temperature field, with cooler regions
extending deeper into the flow. A higher Reynolds number amplifies
inertial forces, enhancing convective heat transport and disrupting the
symmetry seen at lower Reynolds numbers.

The comparison between computational fluid dynamics (CFD)
simulations and physics-informed neural networks (PINN) simula-
tions highlights key differences in the predicted temperature fields.
The results indicate that PINN consistently underestimates the tem-
perature variation, producing a lower upper bound compared to CFD.
This disparity arises due to the nature of PINN’s approximation capa-
bilities, which depend on the training data, physics constraints, and
loss function optimization. While CFD solves the governing equations
using discretization and numerical schemes, PINN approximates the
solution based on a learned function, which can smooth out variations,
especially in complex boundary conditions and high-gradient regions.
The underestimation by PINN suggests that it struggles to capture the
sharp thermal gradients near the wavy walls, likely due to limitations

in its ability to resolve localized temperature variations. However,
despite this deviation, PINN maintains the overall temperature distri-
bution trends, indicating its potential for data-efficient surrogate
modeling while acknowledging the need for further refinement in
training strategies to enhance accuracy near boundary layers.

In summary, increasing the Reynolds number enhances the con-
vective heat transfer, evident from sharper temperature gradients and
deeper cooling penetration. Lowering the Prandtl number improves
thermal diffusion, leading to a more uniform temperature field. The
sinusoidal geometry further affects heat transfer by inducing flow sepa-
ration and recirculation zones, especially at higher Reynolds numbers.
Optimizing flow and thermal parameters is crucial to achieving effec-
tive thermal performance in complex geometries.

VI. CONCLUSION

In this article, a fully unsupervised novel PINN architecture is
developed to capture the intricate flow dynamics and heat transfer
characteristics in a wavy channel. Asymmetricity inside the wavy chan-
nels is considered by taking the in-phase and out-phase shifts of vari-
ous magnitudes. PINN results are validated with CFD results obtained
from COMSOL Multiphysics simulations, and absolute errors are
reported. For the forward PINN problem, while reproducing the flow
field in asymmetric channels (with in-phase and out-phase angular
shifts in the lower wall boundary), a peak absolute error of 22% and
18% for the axial and transverse components of velocity, respectively,

FIG. 33. Surface plots for (a) PINN and (b) CFD simulations. (c) Isotherm for PINN simulation of non-homogenous temperature distribution for Re ¼ 20; Pr ¼ 0:7 in the
expanded part of the cross section.

FIG. 34. Surface plots for (a) PINN and (b) CFD simulations. (c) Isotherm for PINN simulation of non-homogenous temperature distribution for Re ¼ 50; Pr ¼ 0:7 in the
expanded part of the cross section.
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is encountered over the spatial domain. The errors in the results obtained
in this study are significantly lower than Shah and Anand,40 owing to the
novel PINN architecture and the learning rate scheduler. In addition, the
study demonstrates that PINN can capture intricate flow features, such
as flow reversal and recirculation regions in asymmetric wavy channels.
To accelerate convergence during training, a robust scheduler sub-
routine has been developed that dynamically adjusts learning rate based
on the loss obtained in an epoch. This approach allows the training pro-
cess to begin with a significantly higher learning rate compared to earlier
works (Shah and Anand40) while effectively reducing the loss to lower
values with the less epochs in training. Moreover, we tried to analyze the
heat transfer characteristics in this wavy channel by implementing both
uniform and a sinusoidal temperature along the walls of the wavy geome-
try, using an additional neural network output for scalar temperature
field. It enabled us to explore the effects of local Nusselt number variation
and its correlation with the characteristics Reynolds number of the flow.
This ultimately leads us to infer the enhancement in heat transfer in
wavy channels in comparison with plane channels. These results for heat
transfer characteristics are instrumental in designing an efficient heat
exchange device, which has immense applications in biological tissue
heat transfer as well as in industrial horizons. For the future scope of this
work, we will try to eliminate the limitations of the present deep learning
architecture so that the flow physics can be analyzed at a higher Reynolds
number in a transient fashion. This will enable us to capture the laminar
to turbulent transition effects.
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